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In P2, find the change-of-coordinates matrix from the basis B = {1− 3t2, 2 + t− 5t2, 1 + 2t} to the
standard basis {1, t, t2}.

Then write t2 as a linear combination of the polynomials in B.

Solution:

First, we write the standard basis as C =


1

0
0

 ,

0
1
0

 ,

0
0
1

 and the basis B as


 1

0
−3
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 2
1
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 ,

1
2
0

.

The change-of-coordinates matrix P
C←B

should map the first basis element b1 in basis B to the same

vector b1, but now in basis C. This means:

P
C←B

1
0
0

 =

 1
0
−3


Similarly for b2 and b3,

P
C←B

0
1
0
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 2
1
−5

 , P
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1
2
0


Therefore the change-of-coordinates matrix is

P
C←B

=

 1 2 1
0 1 2
−3 −5 0


To find a linear combination that adds up to t2, this means we want to find coefficients a, b, and c
such that:

a

 1
0
−3

 + b

 2
1
−5

 + c

1
2
0

 =

0
0
1


which is equivalent to the augmented matrix 1 2 1 0

0 1 2 0
−3 −5 0 1


(continued on next page)



Row reducing,

∼

1 2 1 0
0 1 2 0
0 1 3 1


∼

1 2 1 0
0 1 2 0
0 0 1 1


∼

1 2 0 −1
0 1 0 −2
0 0 1 1


∼

1 0 0 3
0 1 0 −2
0 0 1 1



Therefore the linear combination is 3(1− 3t2)− 2(2 + t− 5t2) + (1 + 2t).

We can check that

3(1− 3t2)− 2(2 + t− 5t2) + (1 + 2t)

= (3− 4 + 1) + (−2 + 2)t + (−9 + 10)t2

= t2

as desired.
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