Math 2930 Worksheet Week 4
Exact Equations and Euler’s Method February 15, 2019

Learning Goals

e Determine when first-order ODEs are exact.
e Solve first-order exact equations.
e Use integrating factors to make equations exact.

e Analyze the convergence of Euler’s method for simple examples.

Questions

Question 1. (a) Find the value(s) of b for which the given equation is exact:

(acy2 + bx2y) + (x4 y)xzy/ =0

(b) Solve it for the value of b you found in part (a) .



Question 2. (a) Show that the equation below is not exact:

2y’ +a(1+y%)y =0

(b) Show that it can be made exact by multiplying both sides of the equation by the integrating
factor p(z,y) = -

zy3”

(c) Now that the equation is exact, solve it.



Question 3. Consider the equation

dy _

dt
y(0) =1

(a) Find the analytical solution for y(¢) with the given initial condition

(b) If instead we solve the equation using the forward Euler’s method, with a step size of h, write
down the first 2 iterations. Express your answers in terms of h.

(c) Based on (b) , write down the expression after the n-th iteration.

(d) Let n be the number of steps over the interval [0,¢], with n = ¢/h, show that in the limit as
h — 0, and n — oo, the numerical answer given by Euler’s method converges to the analytical
solution that you found in part (a) .



Question 4. (a) Show that the equation below is not exact:

y+ (2zy —e M)y =0

(b) It turns out that we can make this equation exact by using some sort of integrating factor p
(like we did in question 2). In order to find p, we’ll have to assume that it depends on either x

only or on y only, but not both.

Let’s assume for now that p is a function of y only. What differential equation will p(y) have to
solve in order for our equation to be exact?

(c) What if we tried to look for u as a function of z only instead. Would this approach work? Why
or why not?



(d) Solve the differential equation you found in part (b) for u(y).

(e) Solve the original equation in part (a) using the integrating factor p you found in part (d) .



(f) Can you extend your argument from part (b) to more general equations?
dy
M(z,y) + N(z,y) 2 =0
(2,9) + N, 9) 2

i.e. what are the conditions on M and N such that an integrating factor u = p(z) can be used to
make the equation exact? When can an integrating factor u = u(y) be used?



Answer to Question 1.
(a) This equation is exact when:

So for this problem, that becomes:

2 2 2 _g 2
oy [my + bz y] = 5 [(w+y)x}

Simplifying and solving for b,
2xy 4 bz = 3z2 + 2y

ba? = 322
Therefore b = 3 is the only value of b for which the given equation is exact.

(b) For b = 3, we now want to find a function ¢(z,y) such that:

%} = M(x,y) = zy® + 32%y
and 5
0 ey

Integrating the first equation with respect to = (while holding y constant), we get:

.%'22

bla,y) = - +aby+ F(y)

for some function f(y).
Differentiating with respect to y and setting it equal to NV, we have

o

3y Py +a + f'(y) = N(z,y) = 2° + 2%y

So clearly f’(y) = 0, which means that f(y) is a constant.
Therefore the general solution is:

b(a,y) = —F—+2’y=C




Answer to Question 2. (a) For this equation:
M(z,y) =a?y®,  N(z,y) =2(1+y°)

To check if it’s exact, we calculate

oM

IM _ 3,2,

oy Ty
and AN

i 2

ox Ty

’ M, # N, so this equation is not exact.

(b) Multiplying everything by the integrating factor u(z,y) = -5

IySa
M(x,y) ==
oM
720
dy
and 1 1
N(z,y) = — + —
(z,y) 2Ty
ON
=~ —90
ox

Since M, = N, the equation

1 1\, :
z+ |5+ )y =0, isexact.

(in fact it is also separable).

(c) We want to find a function ¢(x,y) with partial derivatives:

ov_ w11
or oy 3y

Integrating the first of those, we get

P(z,y) = %xz + f(y)

for some function f(y). Integrating the second equation,

Y(z,y) = 2_;2 +1In(y) + g(x)

Combining these two, we find that the solution is:

I S _
w(l’yy)—il’ +@+ln(y)—(]




Answer to Question 3.
(a) We have the equation
dy
dt
This is separable, so we solve it as follows:

/dy /dt

=t+C
y = Ce'
plugging in the initial condition y(0) = 1, we get that C' = 1, resulting in an analytical solution of
y(t) =¢'

(b) With Euler’s method, we start with the initial condition:

3/0:

y1 =40+ hf(yo) = yo+hyo = (1 +h)yo =[1 + |
then the second step gives

y2=y1+hf(y1) =y +hy) = L+ Ry = (L+h)(1+h) =| (1 +h)°
(c) From (b) we see that there is a pattern that
Ynt1 = (L4 1)yn

The first step gives

resulting in the formula:

Yyn = (1 4+ h)"
(d) Taking our answer from (c) and replacing n with t/h, we have
n=(1+h)""

Then we are interested in taking the limit as h — 0
li = lim (1 4 h)¥/"
hso " hlg%)( +h)
To figure out this limit, it helps to take the logarithm of both sides,

) ) . tln(1+h)
_ t/h| _
}llllr(l) In(yy) }lllrr%) In [(1 + h) } }llur%) -

this can then be evaluated using L’hopital’s rule,
1

ti
lim 1 = lim 2 —¢
N n(yn) = Jimy
Then since
lim 1 =1
i I yn)
we have
li =
iy n =

matching our solution from part (a) .
Note: you can also do this problem by taking the limit as n — oo instead of h — 0 in a very similar
way, but the details are a little trickier.



Answer to Question 4. (a) For this equation,
M(z,y) =y,  N(z,y)=2zy—e

To check if it is exact, we compute

oM
el |
dy

and
oN _,
or y

’ M, # N, so this equation is not exact.

(b) So we want to come up with an integrating factor p so that if we multiply the entire equation
by u, then our equation is now exact.

Let’s try an integrating factor of the form p = u(y). Our equation becomes

yu(y) + py) (2zy — e %) % =0

Now we check the condition for exactness:
oM ,
oy (y) + p(y)
ON
el 2
5 = M2y
So this equation is exact if:
yi' (y) + p(y) = 1(y)2y

After rearranging,

1 (y) + <; - 2> n(y) =0

Which we see is a first-order linear ODE in y. So if u(y) is a solution of this ODE, it is an integrating
factor for the original equation.

(c) Now, let’s assume that p = p(z).
Our equation becomes

yu(a) + () (2ay — ) P =0

Now we check the condition for exactness:

oM _
oy s
ON _
o (@) (2zy — e) + p(x)2y

So this equation is exact if:



Since this expression depends on both z and y, there is not a function p(z) that will satisfy this
equation.

(d) This linear ODE can be solved as usual, using (another) integrating factor. This means we
want to multiply both sides by some function 7 so that the left hand side looks like a product rule.

' (y) +1 (; - 2) pu(y) =0

In order for this to be a product rule, we would need

This can be separated:

Solving for 7,
In(n) =ln(y) — 2y + C

n=Cye

Since the constant doesn’t matter for an integrating factor, we’ll just take C' = 1. So plugging this
back in, the ODE for p(y) becomes:

ye 2 (y) + (7% — 2ye™) u(y) = 0

The left hand side is now in the form of a product rule:

— /
(ye ™ u(y)) =0
Integrating both sides,
ye ?uly) =C

Again, since p is an integrating factor, the choice of constant C' does not matter, so we will take
C =1 for simplicity. Then we find the integrating factor is:

2y
wy) =

e
)

ey

(e) Multiplying both sides of the original equation by the integrating factor u(y) = R
1\ d
e + (236629 - ) Y
)

We can check that the equation is now exact:

2T 9%y
oy €
ON
9%
ox ¢



So we want to look for a solution of the form ¢ (z,y) = C. 1 must have partial derivatives:

I _
or

0 1

W _ N(x,y) = 2ze? — -

Ay Y
Integrating the first equation with respect to x,

U(z,y) = ve® + f(y)

M(z,y) = e*

for some function f(y).
Integrating the second equation with respect to y,

U(x,y) = ze* —In(y) + g(x)

for some function g(y).
Putting these two together, we see that the final solution is

Y(x,y) = ze® —In(y) =C

(f) In general, if we multiply by an integrating factor u(x), we have

dy

wa)M(z,y) + p(z)N(z,y) - =0
This equation is exact if:
()M ()] = 5 [N )]
oy @M (@ 9)] = 5o [p@)N (@ y

pu(x) My = p' ()N + pu(x) Ny

o) = (5 ) o

In general, the term can depend on both x and y. In order to be able to solve for i as a
function of z, we then need for this term to depend only on x. In other words, an integrating factor
of the form p(z) can be found if:

Rearranging,

My —N,

M, — N,
N

is a function of x only

We can repeat the same process with u(y) instead of u(x). Our equation becomes:

dy

wy)M(z,y) + p(y)N(z,y) -~ =0
Checking for exactness,
O (e ) = 2 ()N G.p)
3 ()M (2,y)] = 3-[N (z,y



Rearranging,
N, — M,
Nl(y) = <]wy) w(y)

So an integrating factor of the form u(y) can be used if and only if:

N, — M,

is a functi f 1
i is a function of y only

13



