Math 2930 Worksheet Week 10

Euler Equations March 29th, 2019
Boundary Value Problems

Question 1. Find the eigenvalues and eigenfunctions of:

Y +xy=0, Y(0)=y(m)=0



Question 2. Find the solution of:

y" + 3y = cos(z), y'(0) =

Question 3. Find the general solution of:

22y +6zy +6y =0



Question 4. Find the eigenvalues and eigenfunctions of:

Yy +4y +4xy =0,  y(0)



Question 5. Find the general solution of:

d*y y
2 5
St dr 2y =a



Question 6. (a) Find the general solution of:

7

22" + 2y + Ay =0

You may assume that A > 0.

(b) Find the eigenvalues and eigenfunctions when y(1) = y(2) = 0.



Question 7. Find all values of § for which all solutions of
2y + By =0

approach zero as z — 0.



Answer to Question 1. Given the equation y” + Ay = 0, we first try to solve for the roots using
the characteristic polynomial:

y'+ Ay =0
24+ A=0
r==+v-—-A

And we notice that we get very different behavior depending upon the sign of A. To be thorough,
we have to check the three following cases.

Case 1: A <0
To make the ensuing algebra easier, let’s define a new variable w so that

A=—w’, w>0

Then the roots of the characteristic polynomial are:

r=+vV-A=4+y—(-w?) =+tw
The corresponding general solution is:

y(x) = Cre”” + Cae™ "
Now we want to plug in the boundary conditions. First, we take the derivative
Y (x) = wCie” —wCye "

Plugging in the first boundary condition of 3’(0) = 0, we get that

Y (0) = wC; —wCs =0
C1=0Cy

(remember that we defined w > 0 earlier)
Plugging in the second boundary condition 3/(7) = 0, we get that

Y (7) = wC1e®™ — wChe ¥T =0
Using that Cy = Cy from the other equation,
wC1 (e”7T — ef"”) =0

Since w > 0, it follows that e*™ > ™", and so the only way this can hold is if C; = 0.
But in this case, we have that C7 = Cy = 0, which is just the trivial solution y = 0. While y =0
is a solution of the BVP, it’s not a useful one.

Since there are no non-trivial solutions for A < 0, we would say that there are no eigenvalues for
A<O.



’ Case 2: A=0
In this case, we have repeated roots:

r=+4v-1=0,0
So the corresponding general solution is
y(z) = C1 + Cax
We of course get that ' = C5, and so our two boundary conditions tell us that:
y'(0)=Cy=0
Y (m)=Cy=0

but place no restrictions on Cj.

Therefore A = 0 is an eigenvalue, with corresponding solution y = C, where C is any constant.
Since eigenfunctions are only defined up to a constant, we will not bother writing the C' and say
that we have:

FEigenvalue: A\g =0

Eigenfunction: yo = 1

Case 3: A >0
For this case, we will again define w so that

A=w? w>0
Now the roots to our characteristic equation are:
r=+vV-A=+V-w? = +wi
and the corresponding general solution is:
y(x) = C} cos(wz) + Cy sin(wx)
Taking the derivative,
Y () = —wC sin(wx) + wCs cos(w)
Plugging in the first boundary condition y'(0) = 0, we get
y'(0) =wCs =0

And since we defined w to be nonzero, we get that Cy = 0.
Plugging in the second boundary condition 3/(7) = 0, and using that Cy = 0, we get

—wC sin(wm) =0

We defined w to be nonzero, and C; = 0 would lead to the trivial solution y = 0. So the only way
to get a nontrivial solution is if:
sin(wm) =0
wT = N, n=12,3,...
w=n, n=12,3,...
A =n?, n=1,23,...



Therefore we have the following eigenvalues and eigenfunctions:

Eigenvalues: \, = n?

Eigenfunctions: y,, = cos(nz)
for n=1,23,...

Answer to Question 2.
This is a non-homogeneous problem, so first let’s find the complementary solution y. by using the
roots of the characteristic polynomial:

y' +3y=0
”+3=0
r?=-3

r=4+V3i

It follows that the complementary solution is:
ye(x) = Cy cos(V/3z) + Cy sin(v/3z)

For the particular solution Y, we could use variation of parameters, but I'm going to use the method
of undetermined coefficients and guess a particular solution of the form:

Y = Acos(x)

(Note: In general, we would also want to include a Bsin(z) term whenever we have an A cos(x)
term. For this problem, however, since we only have even derivatives we actually won’t need
the sin(z) term. But with undetermined coefficients, it never hurts to include more terms than
necessary, it just might make keeping track of all of the terms more tedious.)

Taking derivatives,
Y’ = —Asin(z)
Y" = —Acos(x)
Plugging this into the original equation,
Y" +3Y = cos(z)

—Acos(x) + 3(Acos(z)) = cos(x)
2A cos(x) = cos(x)

2A=1
1
A=—
2
So the particular solution Y is
1
Y(z) = 5 cos(z)

and the general solution y is

y(x) =y + Y = C; cos(V3zx) + Cosin(v/3z) + %cos(x)



Now that we have the general solution, we can start plugging in the boundary conditions.
Taking derivatives,

Y (2) = —/3C, sin(v3z) + V30 cos(v/3z) — %sin(az)

Plugging in the first boundary condition of 3’(0) = 0, we get that

y'(0)=0+V3C, —0=0
Cy=0

Plugging in the second boundary condition ¢/(7) = 0 (and using that Co = 0),
Yy (7) = —V/3C) sin(v/371) — ésin(ﬂ) =0
—V/3C; sin(v37) =0
And since sin(v/37) # 0, the only way this can be true is if
Ci1=0

So the solution to this boundary value problem is:

y=3 cos(z)

Answer to Question 3.

Since this is an Euler equation, instead of looking for solutions of the form y = €"*, we're going to
look for solutions of the form y = z".

Taking derivatives,

y/ — T'.Z‘r_l
Y =r(r—1)z" 2
Plugging this back into the equation,

z2y" + 62y’ + 6y =0
2? (r(r — 1)2"2) 4+ 6z (ra" ') + 6 (z") =0
(r*+5r+6)2" =0

Since we want this to hold for all values of x, our characteristic polynomial will be:
r’ +5r+6=0
which we can factor as:

(r+3)(r+2)=0
r=-3,—2
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So the general solution is:
Y= Cix ™2+ Con™3 =

or alternatively,

O G

2 23

Answer to Question 4.
First, looking for the roots of the characteristic polynomial,

y' + 4y + 4 y =0
r*+4r+4X =0
Using the quadratic formula,

. —44++/16 — 161
- 2

r=-2+2vV1-2A\

Again, we will have to consider three different cases depending upon the sign of the term inside the
square root.

which simplifies to:

Case 1: A <1
Let A\=1—w? w >0 Then we can write the roots as:

r=-2+y1-(1-w?)=-2+w
and the corresponding general solution is

y(:z:) — Cle(—2+2w)m + 026(—2—2w)3:
Now, plugging in the first boundary condition y(0) = 0,

y(O) =C1+Cy=0
Cy=—-C1

Which we can use with the second boundary condition y(1) = 0 to get

Cle—2+2w _ 016—2—20.) =0
Cl (e2w _ e—2w) =0
Since we have defined w > 0, it follows that e*¥ > e~2¥, so the term inside the parentheses is never

zero. Thus the only way of matching the boundary conditions is to have C1 = Cy = 0, which just
gives the trivial solution y = 0.

So there are no eigenvalues with A < 1.

’ Case 2: A=1
In this case, we have repeated roots, since

r=-2xvl1-A=-2£0=-2, -2
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So the general solution is
y = Cre % 4 Chze 2"

Plugging in the boundary conditions,

y(0)=Cr1 =0
y(1) = Cre 2+ Ce ™2 =0

which leads to C; = Cy = 0, which gives the trivial solution.

Case 3: A > 1‘
Now let A = 1 + w?, with w > 0.
Then the roots of our characteristic equation become:

r=-24++vV1-A=-2+ 1—(1—|—w2)
r=—24 2w

So the general solution is
y = Cre™ 2% cos(2wz) + Coe™ %" sin(2w)

Plugging in the first boundary condition y(0) = 0, we get

Using this together with the second boundary condition y(1) = 0, we get
y(1) = Coe %sin(2w) = 0

If 5y = 0, then we just get the trivial solution y = 0.
So the only way of getting nontrivial solutions is if:

sin(2w) =0
2w = nm, n=123,...
nm
w 2’ n Y Y

Therefore we have the following eigenvalues and eigenfunctions:

2
Figenvalues: A\, = 1 + (%T)
Eigenfunctions: y, = e 2% sin(nnz)
for n=1,2,3,...
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Answer to Question 5.
First, let’s look for complementary solutions with the guess y = «”. Taking derivatives,

y=a"
y/ — rxr—l

Y =r(r—1)z"?
Plugging this into the original equation, and finding the roots of the characteristic polynomial,

z? (r(r— 1)z""?) + 4x (m:r_l) =2(z")=0
(r*+3r+2)a" =0
)=0

(7“2 +3r+2) =
(r+1)(r+2)=0
r=-—1,-2
So the complementary solution is
G, Oy
Ye(x) = o T2

For the particular solution, we could use variation of parameters, but instead I'm going to use the
method of undetermined coefficients. We’ll look for particular solutions Y of the form:

Y(z) = Ax®
Taking derivatives,

Y’ = 5Az*

Y = 20Ax"

Plugging this into the original equation,

22Y" + 42V + 2V = 2°
x2 (20Am3) + 4z (5Aa:4) +2 (Aac5) = 2°

42Ax5 = 2P
42A =1
1
A= —
42
So the particular solution is
1
V= —af
12"
and the general solution y = y. + Y is:
yo) =Tt a T et
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Answer to Question 6.
(a) Since this is an Euler equation, we’ll look for solutions of the form y = 2". Taking derivatives,

y=a"

y/ — rxr—l
Y =r(r—1)z"?
Plugging this into the original equation and solving for the roots of the characteristic equation,
22 (r(r— 1)mr_2) +x (rxr_l) +A(z")=0
(r*+X\) 2" =0
P24+A=0
r=+V\i

So the general solution is of the form

Y= Clxﬁz 4+ ng_ﬁi
which we can simplify as:

y = Clxﬁz + wa—ﬁi
y=0C, VA In(2) L0 o~V In(x)

and then using Euler’s formula,

y = C cos (\/XIH(ZE)) + Cysin (ﬁln(x))

(b) Plugging in the first boundary condition of y(1) = 0,

y(1) = C cos (ﬁln(l)) + Cysin (ﬁln(l)) =0

y(1) = Cy cos(0) + Casin(0) =0
y(1)=Cr=0

Using this with the second boundary condition of y(2) = 0,
y(2) = Cysin (ﬁln(?)) =0

If C5 = 0, we would just have the trivial solution y = 0.
So to get nontrivial solutions, we need:

sin (\F)\ln(Q)) =0
VAIn(2) =nmr, n=123,...
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Therefore the eigenvalues and eigenfunctions are:

In(2)
nrIn(z)

Eigenfunctions: y, = sm< n(2)

for n=1,23,...

2
Eigenvalues: A\, = < nr )

)

Answer to Question 7. Since this is an Euler equation, we’ll look for solutions of the form y = «"

Taking derivatives,

/ r—1
" r—2
y =r(r—1)z
Plugging this into the original equation,

2 H‘FBZ/:O

z? (T(T—1)$T_2)+ﬁ(l’ )=0
(r*—r+p)2" =0

PP—r+8=0
Using the quadratic formula, our roots are:
1++/1—-45
r= -
2

To guarantee that all solutions approach zero as z — 0, we will
part of both roots is positive.

need to make sure that the real

If the roots are complex, then they will have real part 1/2, and so the solutions will approach zero

as r — 0.

If the roots are both real, then we want to make sure that:

1—+/1—-48>0
1>+/1-4p5
1>1-48
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